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Summary 


The  objective  of  this  research  was  to  further  the  understanding  of  complex  dynamical 
behavior  in  hybrid  systems.  Hybrid  dynamical  systems  are  of  interest  to  the  Air  Force 
because  of  the  high  degree  of  autonomy  and  cooperation  that  future  reconnaissance  and 
lighter  aircraft  will  maintain.  Complex  control  and  coordination  algorithms  for  such 
vehicles,  involving  multiple  mode  switching  and  other  high-level  supervisory  control 
architectures,  give  rise  to  complicated  hybrid  dynamical  systems  with  behaviors  that  can 
be  difficult  to  predict  and  understand.  The  proposed  research  aimed  to  provide 
systematic  tools  for  predicting  and  shaping  the  behavior  of  complex  hybrid  dynamical 
systems. 

We  considered  several  classical  dynamical  systems  concepts  that  needed  further 
development  in  the  hybrid  systems  setting.  These  concepts  included  principles  of  time- 
scale  separation,  reduced-order  behavior  on  invariant  manifolds,  and  the  characterization 
of  complex  attractors  through  the  notion  of  Omega-limit  sets.  Omega-limit  sets  play  an 
important  role  in  understanding  tracking  control,  observer  design,  and  output  regulation 
for  hybrid  systems.  In  addition,  we  investigated  the  utility  of  classical  theorems  for  the 
analysis  of  large-scale  systems  in  the  setting  of  hybrid  systems.  These  ideas  include  the 
development  and  demonstration  of  interconnection  theorems  for  hybrid  systems, 
including  nonlinear  small-gain  theorems  and  other  dissipativity-based  results.  We  also 
studied  synchronization  mechanisms  in  hybrid  systems,  which  may  prove  useful  for 
wireless-communication-based  military  control  applications.  We  also  worked  to  sharpen 
analysis  and  synthesis  tools  for  networked  control  systems,  which  fit  naturally  within  the 
hybrid  dynamical  systems  framework.  Finally,  we  considered  approximation-based 
stability  results,  including  a  “linearization”  principle. 
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Research  Accomplishments 


Time-scale  separation:  We  started  with  averaging  [J16]  and  singular  perturbation  [J5] 
results  and  followed  that  with  new  results  that  combine  singular  perturbation  and 
averaging  results  for  hybrid  systems  [J3,  Cl,  CIO,  Cll,  C25,  BC1].  All  of  the  new 
results  are  corollaries  of  robustness  of  asymptotic  stability  for  hybrid  systems,  a  result 
that  was  established  under  a  previous  research  effort  supported  by  AFOSR.  The  new 
results  demonstrate  the  efficacy  of  hybrid  feedback  implemented  through  fast  actuators 
whose  steady-state  behavior  is  highly  oscillatory,  like  flapping  wings  of  an  insect  or  bird. 

Local  asymptotic  stability  theory  based  on  homogeneous  approximations:  Early  in  this 
grant,  we  developed  the  theory  of  local  asymptotic  stability  in  hybrid  dynamical  systems 
based  on  asymptotic  stability  of  a  homogeneous  approximation  at  the  operating  point 
[J14],  generalizing  to  hybrid  systems  the  classical  result  of  Lyapunov  on  asymptotic 
stability  based  on  the  linear  approximation  for  nonlinear  differential  and  difference 
equations.  In  follow-up  work  [C21,  C22],  we  developed  numerical,  Lyapunov-based 
algorithms  for  establishing  asymptotic  stability  of  homogeneous  approximations. 

Hybrid  output  regulation:  We  began  our  investigation  of  output  regulation  in  the 
presence  of  a  hybrid  exosystems  in  [C24],  focusing  on  the  case  of  relative  degree  one 
linear  plants.  We  followed  that  with  solutions  for  higher  relative  degree  linear  systems 
[Cl 7]  and  for  the  situation  where  the  clock  variable  that  detennines  when  the  jumps  of 
the  disturbances  occur  is  unmeasured  [C4].  Hybrid  exosystems  can  be  used  to  model 
square-wave  disturbances  and  other  discontinuous  disturbances.  In  addition  to  output 
regulation  for  discontinuous  disturbances,  we  showed  how  to  incorporate  output 
regulation  ideas  into  controllers  that  use  logic-based  feedback  [Jl,  Cl 9].  Some  of  the 
results  in  this  area  rely  on  the  technical  results  established  in  [J9,  C27]. 

Hybrid  feedback  control:  A  strong  emphasis  of  our  research  was  to  develop  hybrid 
feedbacks  to  achieve  global  asymptotic  stabilization  for  systems  evolving  on  compact 
manifolds,  a  setting  where  classical  feedback  cannot  achieve  robust  solutions  [J4] .  Our 
work  in  this  direction,  which  is  grounded  in  our  concept  of  synergistic  potential  functions 
and  synergistic  Lyapunov  functions,  appears  in  [C30]  for  planar  rotations,  [C20]  for 
spherical  orientation,  [C23]  for  the  3D  pendulum,  [J6,  C12,  C13,  C15,  C16,  C33]  for 
rigid-body  attitude,  including  rigid-body  attitude  synchronization  [J2,  C29],  and  rigid- 
body  dynamics  [C34],  Noteworthy  as  well  is  the  application  of  the  classical 
backstepping  control  idea  to  hybrid  feedbacks,  as  we  developed  in  [Cl 4]  and  [C5].  In 
addition,  we  have  developed  new  results  on  reset  control  systems  [J7,  J10],  and  have 
developed  an  algorithm  for  uniting  local  and  global  controllers  [J8].  We  also  developed 
results  on  tracking  in  mechanical  systems  with  impacts  [C2,  C3].  In  particular,  we  have 
demonstrated  how  to  achieve  global  asymptotic  tracking  with  arbitrarily  small  feedback 
controls  in  rectangular  billiards.  Moreover,  we  established  a  local  separation  principle 
for  the  design  of  hybrid  state  feedbacks  and  hybrid  observers  [C28].  We  also  refined 
and  analyzed  a  hybrid,  finite-time  parameter  estimator  in  [C32],  In  addition,  we  initiated 
new  results  on  periodic  event-triggered  control  algorithms  [Cl]. 
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Analysis:  In  [Cl 8],  we  developed  dissipativity  and  decompositions  (an  alternative 
viewpoint  to  interconnections)  in  our  hybrid  systems  framework.  Our  focus  was  on 
explicit  applications  of  dissipativity  concepts,  decompositions  of  hybrid  systems  to  make 
dissipativity  applicable,  and  also  the  use  of  detectability  concepts  to  draw  asymptotic 
stability  conclusions.  The  latter  aspect  is  especially  novel  since  it  relies  on  recent  results 
for  hybrid  systems  that  are  tied  to  our  contributions  on  robustness.  In  [J12]  and  [C26], 
we  performed  a  complete  Zeno  and  Lyapunov  analysis  of  a  set-valued  bouncing  ball 
model  which  serves  as  a  surrogate  for  a  large  class  of  Euler-Lagrange  systems  with 
impacts.  We  also  contributed  novel  results  on  the  analysis  of  networked  and  quantized 
control  systems  with  communication  delays  [J27,  J18,  J17,  C36].  We  demonstrated 
various  tradeoff  curves  related  to  maximum  allowable  transfer  interval,  quantization 
levels,  and  communication  delays.  We  gave  a  comprehensive  Lyapunov  analysis  of  a 
zoom-in  zoom-out  quantization  protocol,  which  results  in  a  hybrid  system,  in  [C6]. 
Furthermore,  we  extended  the  notion  of  output-to-state  stability  to  hybrid  systems  and 
have  given  equivalent  characterizations  in  [J13].  We  provided  a  novel  analysis  of 
simulators  for  hybrid  systems  [J20],  demonstrating  through  robustness  results  for  hybrid 
systems  that  "consistent”  simulators  will  exhibit  semiglobal  practical  asymptotic 
stability  for  compact  sets  that  are  globally  asymptotically  stable  for  the  hybrid  system 
being  simulated.  We  also  extended  to  hybrid  systems  an  analysis  tool  [J24]  we 
promoted  previously  for  nonlinear  systems,  based  on  the  notion  of  Matrosov  functions,  as 
an  alternative  to  the  invariance  principle. 

Additional  work:  In  addition  to  our  work  on  hybrid  systems,  we  continued  to  make 
contributions  in  the  areas  of  control  synthesis  for  systems  with  input  saturation  [J22,  J25, 
C31],  the  analysis  of  set-valued  discrete-time  systems  [J19,  J23,  J29,  C9,  C37],  path¬ 
following  algorithms  [Jll,  C8],  and  the  analysis  of  nonlinear  systems  with  sustained 
oscillations  [J15,  C38]. 

Pedagogical  contributions:  During  the  grant  period,  we  published  two  books,  one  on 
anti- windup  synthesis  [Bl]  and  one  on  hybrid  dynamical  systems  [B2].  These 
manuscripts  are  a  direct  result  of  research  supported  by  AFOSR,  during  the  current 
period  and  under  previous  grants.  In  addition,  we  published  one  tutorial  article  [J26]  that 
received  the  2010  IEEE  Control  Systems  Magazine  Best  Paper  Award. 
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